We perform the exact renormalization of two-dimensional massless gauge theories. Using these exact results we discuss the cluster property and confinement in both the anomalous and chiral Schwinger models.
I. INTRODUCTION
The need for a fermion wave function renormalization in two dimensional massless QED with chiral fermions (also called chiral Schwinger model (CSM)) has been recognized long time ago [1] [2] . The conventional Schwinger model (with Dirac fermions), when regularized in a generalized way [3] , which does not necessarily preserve intermediate gauge invariance (we call it anomalous Schwinger model (ASM)), suffers from the same kind of divergence [4] . Of course, one can obtain much information on both models, without performing renormalization explicitly. But there are some aspects (like the precise infrared behavior of the renormalized correlation functions) that may, in principle, depend on the details of the renormalization. These aspects can be crucial to establish physical properties like confinement, for example.
More recently, the bulk structure of this renormalization has been investigated and some of the main characteristics have been clarified [5] . It is now clear how this renormalization can be performed, in a semi-perturbative regime [6] , and what is the precise structure and origin of the divergence [7] . Both CSM and ASM have an extremely similar divergence structure and can be regularized by the introduction of a term that is formally similar to a gauge fixing term with an infinite gauge parameter (in fact it has its origin in a PauliVillars regularization of the propagator of the longitudinal part of the gauge field [6] ). The origin of the divergence is the lack of intermediate gauge invariance, which forces one to take into account the longitudinal degree of freedom or, in the gauge invariant formalism, the Wess-Zumino field. Both, when exactly integrated, give rise to a divergence in fermionic correlation functions, thanks to their interaction with singular currents. If one uses the complete photon propagator in the loopwise expansion of the fermionic correlation functions, then the divergence is under control and can be renormalized in a quite conventional way, defining what we called a semi-perturbative approach.
However, the sensation that the exact renormalization of both ASM and CSM was possible remained. The divergence could be explicitly computed, in its regularized form, nonperturbatively. The main obstacle to remove it is that the renormalization procedure in coordinate space is not well known. Usually, one goes to momentum space, where it is clear what are the renormalization conditions to be imposed in order to fix systematically the form of the renormalization constants. The point is that bosonization (necessary to establish the precise form of the divergence and ultimately to exactly solve the model) is only known in coordinate space. One can go to momentum space semi-perturbatively, as we have shown [6] , but then one looses the complete information about the divergence, present in coordinate space.
In this paper we perform this transition from coordinate to momentum space, necessary for the exact renormalization of massless QED 2 . This enables the exact computation of the renormalization constant and the definition of exactly renormalized fermion amplitudes. We use the two-point fermion amplitude in ASM and CSM to investigate the possible existence of asymptotic fermions and the cluster property, thus addressing the question of confinement in these theories. Because the calculations are quite similar for both the CSM and ASM, we will detail our calculations in the ASM, in section 2, and only state the results for the CSM, in section 3. We do this because, as we will show, the ASM has much less trivial physical properties than the CSM, in the sense that two regimes appear after renormalization, one for non-confined and one for eventually confined fermions. In section 4 we present our conclusions and in an Appendix (section 5) we state a curious result, relating the infrared behavior of the conventional Schwinger model and the exact propagator for the ASM in the limit a v = −1, where chiral symmetry is preserved in intermediate steps.
II. EXACT RENORMALIZATION OF THE ANOMALOUS SCHWINGER MODEL
The anomalous Schwinger model is defined by the following regularized Lagrangian density [6] ,
where the parameter Λ has the dimension of a mass, that goes to infinity at the end of the computations, ψ is a Dirac fermion in two dimensions and a v is the Jackiw-Rajaraman parameter, representing ambiguities in the regularization of the two point photon function, which is exactly calculated, up to this regularization [8] [9] . The fermion propagator can be exactly computed and is given by
where G F (x − y) is the free fermion propagator and
m v being the dynamically generated mass for the photon,
One can easily see that, when Λ goes to infinity, the function f Λ v (k) (which, for k → ∞ behaves as k −4 ) goes to
part of which behaves as k −2 , when k → ∞. This induces a logaritmic divergence in expression (2) . The same divergence appears in arbitrary (n point) fermionic correlation functions [5] . Treating this divergence in the two point fermionic function is then enough to define completely the theory.
We begin by noticing that the two point function satisfies a Schwinger-Dyson equation 
It is then easy to obtain, again by induction, the general expression for the n-loop contribution for the fermion propagator in terms of the 0-loop order,
Inserting this formula in the expression for the complete fermionic propagator, we obtaiñ
Now we perform the k n integrations. To do this, we use Schwinger parametrization for the functions f
and for the free propagator
Integrating over the k n , we obtaiñ
The β-integration can be done exactly,
so that, inserting it back in (19) and using the identity, valid for z > 0,
where J 1 (η) is the first class Bessel function, we obtaiñ
Now, using the identity below, involving the second class modified Bessel function K 0 ,
we getG
This expression is enough to compute the exact fermion wave function renormalization needed to renormalize the theory. Proceeding as is usual, we impose a suitable renormalization condition on the 1PI renormalized two point functioñ
This shows that
So, the expression for the exact renormalized two point function (and its 1PI counterpart) isG
Now it is easy to obtain, taking into account the properties of K 0 (η) and J 1 (η), when η → 0, the exact behavior of the fermion propagator, when p → 0,
For a > 1, the propagator has, at most, a pole with null residue in p 2 = 0, what indicates that there are no single particle states, as it happens in the conventional Schwinger model [11] , in the Thirring model [12] and in the Schröer model [13] . In particular we stress that this behavior is the same as that of the exact propagator of the Thirring model, if we perform a suitable correspondence between the coupling constants. The Thirring model is characterized by the following Lagrangian density
with a dimensionless coupling constant g > 0. It is possible, by using the same techniques developed in this section, to find the exact renormalized propagator of this model
If we choose a v > 1, such that
we see that the behavior at low momentum of the ASM propagator is the same as that of the exact Thirring model propagator.
In the interval −1 ≤ a v < 1, there are no simple poles at p 2 = 0, what means that there are no asymptotic one particle states in this case too. However, it exhibits poles of order greater than one at p 2 = 0, a symptom of infrared slavery [14] , what can mean that fermions are confined in this sector. The value of a v , in this case, determines the order of the pole.
For a v = 1, the infrared behavior is
which is a well known result [10] [15] . One can see directly that the residue of the pole at p 2 = 0 is null, which means the absence of asymptotic fermionic states. The question of whether this means confinement or not is more subtle, and requires analysis of other kinds of correlation functions, including the bosonic ones.
More information can be obtained if we come back to coordinate space, where we will see that there is an even more explicit expression for the renormalized fermion propagator. In doing that, first we continue the propagator to Euclidean space making p 0 = ip 2 , γ 0 = iγ 2 . Then, in expression (25) after renormalization, we perform the following change of variables,
and use the identity
to obtainG
Using now the following representation for J 0
with α = arctan (p 2 /p 1 ), and defining x 1 = x cos θ and x 2 = x sin θ, we see that
Continuing back to Minkowski space,
we can now clearly read the expression for the renormalized propagator in coordinate space, for spacelike x µ ,
It is easy to obtain the expression valid for timelike x µ , again by analytic continuation, remembering the continuations of K 0 and of the logarithm,
where H (1) 0 is the first class Hankel function. The expression below allows us to analyze the cluster property of the propagator explicitly:
Doing x → x + λη, while keeping y fixed, and then λ → +∞ we obtain
which means
So, in the interval −1 ≤ a v < 1 the cluster property is lost, while it is apparently maintained for a v > 1 (the decision about this last fact depends obviously on the analysis of the behavior of arbitrary correlation functions). This result, and all the others in this section, would be impossible to be guessed without the detailed analysis of the limits, that became possible thanks to the exact expressions furnished after renormalization. It can be easily seen also that the previous analysis in momentum space is completely consistent with the results obtained in coordinate space. We can also can compute the short distance behavior of the propagator
which shows explicitly the anomalous dimension under scaling (anomalous in the sense of being distinct from the scaling dimension of the free propagator). Only the limit a v → +∞ produces a scaling behavior similar to the free fermion propagator (|x| −1 ). At this point it is worth commenting on a denomination usually given in the literature [4] for the ASM: it is called also non-confining Schwinger model. Mitra and Rahaman recognized the need for a renormalization, but did not performed it in detail. In the light of the previous discussion, we see that there are reasons to believe that there is fermion confinement (thanks to infrared slavery and violation of cluster property, both indicated by our results) when the parameter a v lies in the range [−1, 1). It is this behavior that makes this terminology inadequate for all values of a v . Again, before a detailed consideration of renormalization, it is not possible to say that the model is "confining" or "non-confining".
III. EXACT RENORMALIZATION OF THE CHIRAL SCHWINGER MODEL
As we said in the introduction the renormalization procedure is quite similar to that of the ASM. So, we will present the modifications that appear thanks to the particular structure of the CSM and directly discuss the implications of exact renormalization.
The regularized Lagrangian is given by
where P + = (1 + γ 5 ) /2, and we work with Dirac fermions in order to have the eigenvalue problem for the determinant of the Dirac operator well defined. The regularized fermion propagator is
where now,
with ω Λ and ω m satisfying the equations
The parameter m c is given by
Following the same steps indicated before we arrive at G Λ
IV. CONCLUSIONS AND PERSPECTIVES
We performed the exact renormalization of some gauge theories. Although this has been already achieved, within the context and using specific features of supersymmetric theories [18] , this is the first time (to our knowledge) that this is done outside this context. We see that the result for the ASM depends strongly on the value assumed by the Jackiw-Rajaraman parameter a v . The precise form of this dependence could not be guessed perturbatively and the value a v = 1 seems to be critical to characterize confinement or not. To answer this question completely we should compute generalized fermionic correlation functions and verify the cluster property in connection to the appearance of θ-vacua. A analysis of the Wilson loop, for the renormalized theory, can help to clarify this.
The chiral case seems to be much simpler in this respect. There, we found that the Jackiw-Rajaraman parameter a c does not play any distinctive role in characterizing different regimes (what is consistent with several other results in literature, that say, for example, that non-trivial topology sectors do not contribute to the correlation functions in the CSM [17] ). The role of chiral gauge symmetry in this phenomenon deserves more investigation.
We are finally in position of computing "physical" (two dimensional) amplitudes, like Compton scattering, for example. This would be very important, to finally decide about the correct degree of arbitrariness represented by the Jackiw-Rajaraman parameter a. To see the complete effect of a in the physical results we should be able to produce the analog of a Källen-Lehmann representation for the propagator of a theory with dynamical mass generation, in order to produce a LSZ formula.
We could say that finally the denomination "exactly soluble model" makes full sense. Only after the exact renormalization one can know, in principle, all correlation functions of the model. For a more physical point of view, a Hilbert space analysis of the ASM should be conducted in detail (the corresponding analysis already exists for the CSM [2] 
V. APPENDIX
Although much more has to be said before one can guarantee that the ASM has confined fermions for a v ∈ [−1, 1), it is curious to remark the similar infrared behavior of the renormalized fermion propagator in the two extreme limits of the interval. Let us computẽ G 
We remember that 
The propagator behaves in exactly the same way as that in the infrared limit of the case a v = 1 (see equation (33)). The only difference is the mass, substituted here by the arbitrary parameter µ. This can be an indication that the situation is the same as in the case a v = 1, making the hypothesis of confinement quite plausible.
